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We present an exactly-solvable model for the suppression of quantum noise
at large scales on expanding space. The suppression arises naturally in the de
Broglie-Bohm pilot-wave formulation of quantum theory, according to which the
Born probability rule has a dynamical origin. For a scalar field on a radiation-
dominated background we construct the exact solution for the time-evolving
wave functional and study properties of the associated field trajectories. It is
shown that the time evolution of a field mode on expanding space is mathemat-
ically equivalent to that of a standard harmonic oscillator with a ‘retarded time’
that depends on the wavelength of the mode. In the far super-Hubble regime
the equivalent oscillator evolves over only one Hubble time, yielding a simple
mechanism whereby relaxation to the Born rule can be suppressed on very large
scales. We present numerical simulations illustrating how the expansion of space
can cause a retardation of relaxation in the super-Hubble regime. Given these
results it is natural to expect a suppression of quantum noise at super-Hubble
wavelengths. Such suppression could have taken place in a pre-inflationary era,
resulting in a large-scale power deficit in the cosmic microwave background.
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1 Introduction
According to inflationary cosmology [1, 2, 3, 4], the temperature anisotropy that
is observed in the cosmic microwave background (CMB) was ultimately seeded
by quantum fluctuations at very early times. During inflation the universe un-
dergoes a period of exponential expansion with a scale factor a(t) ∝ eHt (with
H ≈ const.). The expansion is driven by the energy density of an approximately-
homogenous scalar field, whose spatially homogeneous and inhomogeneous parts
we respectively denote φ0 and φ. The anisotropy in the CMB was generated by
primordial curvature perturbations Rk that in turn were generated by quantum
fluctuations of φ in the Bunch-Davies vacuum. Measurements of the CMB spec-
trum may therefore be used to probe the early quantum vacuum. For this reason
inflation has long been regarded as a testing ground for high-energy physics – for
example to probe possible high-frequency corrections to the inflationary vacuum
state [5, 6, 7, 8, 9, 10, 11, 12, 13, 14].
Because the primordial perturbations have a quantum origin, inflation may
equally be used to test quantum theory itself (at very short distances and at very
early times). Several authors have discussed how inflationary CMB predictions
would be affected by a hypothetical dynamical collapse of the wave function in
the early universe (introduced in order to solve the quantum measurement prob-
lem) [15, 16, 17]. Another line of enquiry considers the possibility of ‘quantum
nonequilibrium’ in the inflationary vacuum [18, 19, 20], which can arise in the
de Broglie-Bohm pilot-wave formulation of quantum theory [21, 22, 23, 24, 25].
Quantum nonequilibrium generates corrections to quantum probabilities with-
out affecting the quantum state, and therefore changes the spectrum of the
vacuum fluctuations without changing the vacuum wave functional itself. Mea-
surements of the CMB may then be used to test for the existence of quantum
nonequilibrium at very early times [20].
In pilot-wave theory, a system with configuration q has a wave function
ψ(q, t) obeying the usual Schro¨dinger equation i∂ψ/∂t = Hˆψ (we take ~ = 1).
In addition, the system has an actual configuration q(t) evolving in time with
a velocity q˙ ≡ dq/dt that is determined by ψ.1 For systems with standard
Hamiltonians, q˙ is proportional to the gradient ∂qS of the phase S of ψ. More
generally, q˙ = j/|ψ|2 where j = j [ψ] = j(q, t) is the current associated with the
Schro¨dinger equation [26].2 The current satisfies a continuity equation
∂ |ψ|2
∂t
+ ∂q · j = 0 . (1)
For an ensemble of systems with initial wave function ψ(q, ti), we may in prin-
1Note the distinction between a general point q in configuration space and the actual point
q(t) occupied by the system at time t.
2At the fundamental level ψ has no a priori connection with probabilities; instead ψ plays
the role of a ‘pilot wave’ in configuration space that guides the motion of an individual system.
Because ψ is a field in configuration space and not an ordinary field in 3-space, it does not
itself carry energy or momentum. For a detailed discussion of the interpretation of this theory
see ref. [27]. Historically, the theory was first proposed by de Broglie at the 1927 Solvay
conference [22].
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ciple consider an arbitrary initial distribution ρ(q, ti) of configurations q(ti).
Because each system has velocity q˙, the time evolution ρ(q, t) of the distribu-
tion is determined by the continuity equation
∂ρ
∂t
+ ∂q · (ρq˙) = 0 . (2)
Since |ψ|2 obeys the same equation, an initial distribution ρ(q, ti) = |ψ(q, ti)|2
evolves into ρ(q, t) = |ψ(q, t)|2. This is the state of ‘quantum equilibrium’, for
which the distribution matches the Born probability rule. But the dynamics
also allows us to consider ‘nonequilibrium’ distributions ρ(q, ti) 6= |ψ(q, ti)|2
[28, 29, 30] – just as classical mechanics allows us to consider initial distributions
that depart from thermal equilibrium.
It is well known that the empirical predictions of quantum theory follow
from pilot-wave dynamics if it is assumed that the initial ensemble is in quan-
tum equilibrium, with a distribution ρ(q, ti) = |ψ(q, ti)|2. This was shown fully
by Bohm in 1952 [23, 24]. A key point in the derivation is to apply the dy-
namics to the measuring apparatus as well as to the microscopic system. The
distribution of apparatus readings or outcomes then agrees with quantum the-
ory. However, in general the distribution of outcomes depends on the assumed
initial distribution ρ(q, ti) of configurations. For an initial nonequilibrium en-
semble, with ρ(q, ti) 6= |ψ(q, ti)|2, the distribution of quantum measurement
outcomes will generally disagree with the predictions of quantum theory. Thus,
at least in principle, pilot-wave theory contains a physics that is much wider
than quantum physics, with possible nonequilibrium distributions that violate
the usual Born rule [28, 29, 30, 31, 32, 33, 18, 19, 34, 20, 35]. Such distributions
give rise to new phenomena such as nonlocal signalling [29] – acting along an
underlying preferred foliation of spacetime [36] – and ‘subquantum’ measure-
ments that violate the uncertainty principle [33, 35]. Quantum physics is then
seen as a special equilibrium case of a much wider nonequilibrium physics.
In pilot-wave theory, the equilibrium state ρ = |ψ|2 arises from a process of
relaxation that is analogous to classical thermal relaxation. The H-function
H =
∫
dq ρ ln(ρ/ |ψ|2) (3)
(minus the relative entropy of ρ with respect to |ψ|2) quantifies the difference
between ρ and |ψ|2. It obeys a coarse-graining H-theorem analogous to the clas-
sical one, where the minimum H = 0 corresponds to equilibrium [28, 30, 32]. For
initial wave functions that are superpositions of different energy eigenfunctions,
extensive numerical evidence shows that initial nonequilibrium distributions ρ
rapidly approach |ψ|2 on a coarse-grained level (assuming that the initial state
has no fine-grained micro-structure) [30, 32, 37, 38, 39, 40], with an approx-
imately exponential decay of the coarse-grained H-function [37, 39]. All the
systems that we have experimental access to have had a long and violent astro-
physical history. Therefore today we would expect to see quantum equilibrium
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for these systems (such as atoms in the laboratory). And indeed experiment
has confirmed the Born rule in a wide range of conditions.
On the other hand it is conceivable that quantum nonequilibrium existed in
the early universe, at very early times before relaxation took place [28, 29, 30,
31, 32, 18, 19, 34, 20]. This is certainly a possibility, in the sense that pilot-wave
theory would allow it. It is also (arguably) to be expected, since an equilibrium
state today will naturally have arisen by a process of relaxation from an earlier
nonequilibrium state (as in ordinary statistical mechanics). Further motivations
may be given for the hypothesis of quantum nonequilibrium in the remote past,
including certain otherwise-puzzling ‘conspiratorial’ or ‘finely-tuned’ features
of quantum theory, and a possible solution to the early homogeneity problem
(which afflicts even some models of inflation) [28, 29, 30, 31, 32, 20].
Quantum nonequilibrium during the inflationary phase could certainly leave
an imprint today in the CMB. It was shown in ref. [20] that, if the inflaton field φ
is in a state of quantum nonequilibrium at the onset of inflation, then the power
spectrum for primordial curvature perturbations Rk will be given by PR(k) =
PQTR (k)ξ(k), where PQTR (k) is the usual quantum-theoretical prediction and ξ(k)
is a ‘nonequilibrium function’ that is equal to the ratio of the nonequilibrium and
quantum variances for the Fourier components φk. (It was shown that this ratio
is preserved in time during the inflationary expansion itself.) Measurements of
the angular power spectrum Cl for the CMB may then be used to set empirical
bounds on ξ(k) – that is, to set limits on corrections to the Born rule during
inflation. The hypothesis of quantum nonequilibrium at or close to the big bang
can therefore be tested using inflationary cosmology.
A more ambitious task is to predict some features of the function ξ(k). One
possible strategy is to consider a pre-inflationary era and to derive constraints on
residual nonequilibrium from that time. It was suggested in ref. [18] that relax-
ation could be suppressed for super-Hubble field modes in a radiation-dominated
universe, opening up the possibility that in some circumstances nonequilibrium
would survive until later times. In refs. [19, 41] such suppression is shown to
occur by means of an upper bound on the mean displacement of trajectories in
configuration space, resulting in a ‘freezing inequality’ that implies relaxation
suppression for super-Hubble modes (when the inequality is satisfied). However,
the inequality depends on the unknown time evolution of the quantum state and
is difficult to evaluate. On this basis it was suggested in refs. [18, 19, 20] that –
in a cosmology with a radiation-dominated pre-inflationary phase – there would
exist a large-scale power deficit in the CMB, above some comoving wavelength
λc that remained to be estimated. For several years the existence of an infra-red
power deficit in the WMAP data was controversial [42], but such a deficit has
recently been confirmed in the Planck data [43]. The statistical significance is
not high: the deficit might be a mere fluctuation. Even so, it is worth exploring
physical models that predict such a deficit in order to better assess its nature
and significance. Therefore we return to this theme here.
In this paper we present an exactly-solvable model of the suppression of re-
laxation for super-Hubble modes on expanding space, resulting in a suppression
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of quantum noise at large scales. For a free scalar field in a radiation-dominated
universe we find the exact solution for the time-evolving wave functional and
we demonstrate certain properties of the associated de Broglie-Bohm trajecto-
ries. In particular, we show that the time evolution of a field mode on expanding
space is mathematically equivalent to the time evolution of a standard harmonic
oscillator – but with real time replaced by a ‘retarded time’ that depends on the
wavelength of the mode. In the far super-Hubble regime we find that the equiv-
alent oscillator evolves over only one Hubble time. This result yields a simple
mechanism whereby relaxation to the Born rule can be suppressed at very large
scales. We also provide numerical simulations illustrating how the expansion of
space can cause a suppression (or retardation) of relaxation in the super-Hubble
regime. These exact results broadly confirm the expected relaxation suppression
for super-Hubble modes that was proposed in refs. [18, 19, 20].
In the light of these results, it is natural to expect a suppression of quan-
tum noise at super-Hubble wavelengths in a radiation-dominated expansion (if
nonequilibrium existed at the beginning of the expansion). As noted, such sup-
pression could have taken place in a pre-inflationary era, resulting in a power
deficit in the inflationary spectrum above some large wavelength λc [20]. Here
we shall provide a simple estimate of the cutoff λc, which is found to depend
essentially on the number N of inflationary e-folds and on the reheating temper-
ature Tend at the end of inflation. We find that the allowed parameter space for
N and Tend is consistent with a cutoff λc corresponding to the scale of the power
deficit observed in the CMB by the Planck satellite [43]. It is therefore con-
ceivable that the observed deficit is caused by the mechanism discussed in this
paper. It is also quite possible that in the real universe our λc is so large as to
yield a negligible effect on the CMB – for example, if the number N of e-folds is
very large. This remains to be seen. Here we are mostly concerned with demon-
strating a general mechanism for quantum noise suppression at large scales. The
detailed application of this mechanism to specific cosmological models, and an
evaluation of the significance of the results compared with rival models, is left
for future work.
It should be emphasised that a suppression of power at large scales arises
quite naturally in the de Broglie-Bohm formulation of quantum theory, accord-
ing to which quantum noise has a dynamical origin. The dynamics itself gener-
ates a rapid relaxation in the sub-Hubble regime and a suppression of relaxation
in the super-Hubble regime. The value of the comoving lengthscale λc above
which such suppression occurs will, however, depend on the cosmological model.
Finally, we note that a cosmology with a radiation-dominated pre-inflationary
phase has been considered by some authors [44, 45, 46, 47, 48]. (For a discussion
of motivations for such a cosmology, see ref. [47].) Working in terms of standard
quantum theory, a pre-inflationary era can yield corrections to the inflationary
vacuum with a resulting power deficit at large scales [47, 48]. To distinguish the
latter effect from that studied here would require detailed predictions for the
nonequilibrium function ξ(k) (see Section 8).
In Section 2 we present the pilot-wave dynamics of a scalar field on expand-
ing space. In Section 3 we find the exact solution for the wave function of a
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single mode in the case of a radiation-dominated expansion. In Section 4 we dis-
cuss the associated de Broglie-Bohm velocity field and we demonstrate that the
dynamics is equivalent to that of a standard harmonic oscillator with a retarded
time. This result is used in Section 5 to show that quantum nonequilibrium can
be frozen in the far super-Hubble regime. In Section 6 we present numerical
simulations that illustrate the suppression of quantum noise at super-Hubble
wavelengths. In Section 7 we outline a possible application of this mechanism
to cosmology. We briefly review how quantum nonequilibrium in the inflation-
ary vacuum can cause a large-scale power deficit in the CMB, and we discuss
how such nonequilibrium could arise from a super-Hubble suppression of re-
laxation during a pre-inflationary phase. Our conclusions and suggestions for
future work are given in Section 8.
2 Pilot-wave dynamics of a scalar field on ex-
panding space
A free, minimally-coupled, and massless scalar field φ on a curved spacetime
with 4-metric gµν has a classical Lagrangian density
L = 1
2
√−ggµν∂µφ∂νφ . (4)
We shall work on an expanding flat space with line element
dτ2 = dt2 − a2dx2 , (5)
where a = a(t) is the scale factor and we take c = 1. We then have
L = 12a3φ˙2 − 12a(∇φ)2 . (6)
This implies the classical wave equation
φ¨+ 3
a˙
a
φ˙− 1
a2
∇2φ = 0 . (7)
It is convenient to work in Fourier space, with components
φk(t) =
1
(2pi)3/2
∫
d3x φ(x, t)e−ik·x .
It is usual to take a0 = 1 today, at time t0. Physical wavelengths are then given
by λphys = a(t)λ, where λ = 2pi/k is the proper wavelength today and k = |k|
is the corresponding wave number.
We may write φk in terms of its real and imaginary parts,
φk =
√
V
(2pi)3/2
(qk1 + iqk2) ,
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where V is a box normalisation volume. The real variables qkr (r = 1, 2) are
subject to the constraint qk1 = q−k1, qk2 = −q−k2 (since φ is real). In terms of
these variables the Lagrangian L =
∫
d3x L reads
L =
∑
kr
1
2
(
a3q˙2kr − ak2q2kr
)
.
We then have canonical momenta pikr ≡ ∂L/∂q˙kr = a3q˙kr and the Hamiltonian
becomes
H =
∑
kr
(
1
2a3
pi2kr +
1
2
ak2q2kr
)
.
This system is readily quantised. The Schro¨dinger equation for Ψ = Ψ[qkr, t]
reads
i
∂Ψ
∂t
=
∑
kr
(
− 1
2a3
∂2
∂q2kr
+
1
2
ak2q2kr
)
Ψ . (8)
This implies the continuity equation
∂ |Ψ|2
∂t
+
∑
kr
∂
∂qkr
(
|Ψ|2 1
a3
∂S
∂qkr
)
= 0 ,
from which we may identify the de Broglie velocities
dqkr
dt
=
1
a3
∂S
∂qkr
=
1
a3
Im
1
Ψ
∂Ψ
∂qkr
(9)
(with Ψ = |Ψ| eiS). We may now consider a theoretical ensemble of fields with
the same wave functional Ψ. The time evolution of each field is determined
by (9). The time evolution of an arbitrary distribution P [qkr, t] of fields will
therefore be determined by
∂P
∂t
+
∑
kr
∂
∂qkr
(
P
1
a3
∂S
∂qkr
)
= 0 . (10)
As usual in pilot-wave theory, if P [qkr, ti] = |Ψ[qkr, ti]|2 then P [qkr, t] = |Ψ[qkr, t]|2
for all t. Whereas if P [qkr, ti] 6= |Ψ[qkr, ti]|2 then for as long as P remains in
nonequilibrium the statistics will generally differ from those predicted by the
Born rule.
This pilot-wave model has been applied to inflationary cosmology [18, 19,
20]. We have assumed that there is a preferred foliation of spacetime with
time function t. (Note that spatial homogeneity is not required. A similar
construction may be given in any globally-hyperbolic spacetime by choosing a
preferred foliation [49, 36, 41].)
Let us now focus on the case of a decoupled (that is, unentangled) mode k.
If Ψ takes the form Ψ = ψk(qk1, qk2, t)κ, where κ depends only on degrees of
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freedom for modes k′ 6= k, we may write an independent dynamics for the mode.
Dropping the index k hereafter, and introducing the time-dependent quantities
m = a3 , ω = k/a , (11)
it follows from (8) that the wave function ψ = ψ(q1, q2, t) satisfies a Schro¨dinger
equation
i
∂ψ
∂t
=
∑
r=1, 2
(
− 1
2m
∂2r +
1
2
mω2q2r
)
ψ , (12)
while from (9) it follows that de Broglie’s equation of motion for the configura-
tion (q1, q2) reads
q˙r =
1
m
Im
∂rψ
ψ
(13)
(with ∂r ≡ ∂/∂qr). The marginal distribution ρ = ρ(q1, q2, t) for the mode will
then evolve according to
∂ρ
∂t
+
∑
r=1, 2
∂r
(
ρ
1
m
Im
∂rψ
ψ
)
= 0 . (14)
Equations (12), (13) and (14) are formally the same as those of pilot-wave
dynamics for a nonrelativistic particle with a time-dependent mass m = a3
and moving (in the q1 − q2 plane) in a harmonic oscillator potential with time-
dependent angular frequency ω = k/a. Thus, for a decoupled field mode, we
may discuss relaxation (and its suppression) in terms of relaxation for a nonrel-
ativistic two-dimensional harmonic oscillator with a time-dependent mass and
frequency [18, 19, 41].
In a case where m and ω are constant, it is already known that the equations
(12)–(14) generate an efficient relaxation to equilibrium. How will relaxation
be affected by a time-dependent scale factor a(t)? The answer depends on how
the physical wavelength λphys compares with the Hubble radius H
−1.
In the short-wavelength limit we should recover the equations for a decoupled
mode k on Minkowski spacetime – since, roughly speaking, the timescale ∆t ∝
λphys over which ψ evolves will be much smaller than the expansion timescale
H−1 ≡ a/a˙ [18]. More precisely, the short-wavelength limit may be defined by
λphys << ∆n·H−1, where n = n1+n2 is the sum of the occupation numbers (for
the modes r = 1, 2) and ∆n is the quantum spread thereof. If we consider an
evolution over timescales ∆t ≡ 1/∆E << H−1 (for which a is approximately
constant and where ∆E is the quantum energy spread), then the equations
reduce to those for a decoupled mode on Minkowski spacetime – or, to those
for a two-dimensional oscillator with constant mass m and constant angular
frequency ω [19, 41]. Thus, in the far sub-Hubble regime we may deduce that, if
the mode k is in a superposition of many different states of definite occupation
number, then an initial nonequilibrium distribution ρ 6= |ψ|2 will rapidly relax
to equilibrium (on a coarse-grained level) – just as occurs for nonrelativistic
particles moving in two dimensions [30, 32, 37, 38, 39, 40].
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In contrast, in the long-wavelength limit – which may be defined by λphys >>
∆n · H−1 – we expect that the wave function ψ will be approximately static
(or ‘frozen’) over timescales ∼ H−1. A similar ‘freezing’ over timescales ∼
H−1 is then expected both for the trajectories (q1(t), q2(t)) and for arbitrary
nonequilibrium distributions ρ 6= |ψ|2 [18, 19]. This is of course reminiscent of
the freezing of super-Hubble modes in the theory of cosmological perturbations
[50, 1, 4]. In both cases, the freezing occurs for dynamical reasons.
This simple reasoning suggests that relaxation to quantum equilibrium will
take place as usual in the far sub-Hubble regime but can be suppressed in the
far super-Hubble regime [18]. This expectation is supported by a general upper
bound on the mean displacement of trajectories in configuration space, which
implies a suppression of relaxation provided a certain ‘freezing inequality’ is
satisfied [19, 41]. The inequality is difficult to evaluate since it depends on the
time evolution of the quantum state; even so, the inequality can be satisfied
only for super-Hubble modes.
Here we construct an exactly-solvable model of relaxation suppression in the
super-Hubble regime. As we shall see, the results broadly confirm the general
expectations [18, 19, 20, 41].
3 Exact solution for the wave function
We need to solve the Schro¨dinger equation (12) for the wave function ψ =
ψ(q1, q2, t). We may write the Hamiltonian as Hˆ = Hˆ1 + Hˆ2 where
Hˆr = − 1
2m
∂2r +
1
2
mω2q2r . (15)
The Hamiltonian is of course time dependent, Hˆ = Hˆ(t). We shall be interested
in a radiation-dominated expansion, over a time interval (ti, tf ), with scale factor
a = ai(t/ti)
1/2.
To solve this problem we may expand the initial wave function (at time
t = ti) in terms of the instantaneous eigenstates Φn1(q1)Φn2(q2) of the initial
Hamiltonian Hˆ(ti):
ψ(q1, q2, ti) =
∑
n1n2
cn1n2(ti)Φn1(q1)Φn2(q2) , (16)
where Φnr (qr) is the nrth eigenstate of the initial one-dimensional Hamiltonian
Hˆr(ti). If we know how the initial wave function ψnr (qr, ti) = Φnr (qr) evolves
under the one-dimensional Schro¨dinger equation
i
∂ψnr (qr, t)
∂t
= Hˆr(t)ψnr (qr, t) (17)
then we will have the solution to the full two-dimensional problem. The exact
solution for the wave function may then be written as
ψ(q1, q2, t) =
∑
n1n2
cn1n2(ti)ψn1(q1, t)ψn2(q2, t) . (18)
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The problem is therefore reduced to solving (17) for all of the wave functions
ψnr = ψnr (qr, t) with the initial conditions ψnr (qr, ti) = Φnr (qr). A partial
answer to this problem can be found in ref. [51] (building on the early work
of Lewis and Riesenfeld [52, 53]), where it is shown that the required wave
functions take the form
ψnr (qr, t) =
1√
2nrnr!
(
ωi
pig−(t)
) 1
4
exp
(
−i g0(t)
2g−(t)
q2r
)
. exp
(
−i(nr + 1
2
)
∫ t
ti
dt′
ωi
m(t′)g−(t′)
)
× exp
(
− ωi
2g−(t)
q2r
)
.Hnr
(√
ωi
g−(t)
qr
)
. (19)
Here ωi = ω(ti), the Hn are Hermite polynomials, and the functions g−(t), g0(t)
and g+(t) satisfy the ordinary differential equations (valid for general a(t))
g˙− = −2g0
m
(20)
g˙0 = mω
2g− − g+
m
(21)
g˙+ = 2mω
2g0 (22)
with the initial conditions
g−(ti) =
1
mi
, g0(ti) = 0 , g+(ti) = miω
2
i (23)
(where mi = m(ti)). According to the analysis of ref. [51], the most general
solution for g−(t) takes the form
g− = c1f21 + c2f1f2 + c3f
2
2 , (24)
where f1(t) and f2(t) are two independent solutions of the classical equation of
motion
f¨ +
m˙
m
f˙ + ω2f = 0 . (25)
If two independent solutions of (25) can be found, we will have an expression
for g− involving the three constants c1, c2 and c3. The functions g0, g+ can
then be determined from g− by means of (20) and (21). Finally, the constants
c1, c2 and c3 are fixed by the initial conditions (23).
Equation (25) is of course the well-known equation for modes φ(x, t) ∝
f1(t)e
ik·x of the wave equation (7). For any power law a ∝ tp it has solutions
that are Bessel functions [4]. For definiteness, we shall restrict ourselves to the
case a ∝ t1/2.
3.1 Solution for a radiation-dominated expansion
We require the solutions (19) for a radiation-dominated expansion a = ai(t/ti)
1/2.
To this end we must first obtain two independent solutions of (25). With
m = a3 = a3i (t/ti)
3/2 and ω = k/a = (k/ai)(ti/t)
1/2, equation (25) becomes
f¨(t) +
3
2t
f˙(t) +
ε
t
f(t) = 0 , (26)
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where it is useful to define the parameter
ε ≡
(
ti
a2i
)
k2 (27)
(so that ω2 = ε/t). The solutions to (26) are
f1 =
1√
t
cos 2(
√
εt−√εti), f2 = 1√
t
sin 2(
√
εt−√εti) . (28)
From (24) it then follows that
g− =
c1
t
cos2 2(
√
εt−√εti)+
c2
t
sin 2(
√
εt−√εti). cos 2(
√
εt−√εti) + c3
t
sin2 2(
√
εt−√εti) . (29)
This can be rewritten as
g− =
1
t
(
A+B cos 4(
√
εt−√εti) + C sin 4(
√
εt−√εti)
)
(30)
where A, B and C are three constants that need to be determined.
To fix A, B and C, we first use (20) and (21) to calculate g0, g+ from g−
and we then impose the initial conditions (23). We find that
A =
1 + 8εti
8a3i ε
, B = − 1
8a3i ε
, C =
√
εti
2a3i ε
. (31)
Thus we have
g−(t) =
1
8a3i εt
[
(1 + 8εti)− cos 4(
√
εt−√εti) + 4
√
εti sin 4(
√
εt−√εti)
]
.
(32)
We also find that
g0(t) =
1
16εti
√
tit
(
(1 + 8εti)− (1 + 8
√
εti
√
εt) cos 4(
√
εt−√εti)
+2(2
√
εti −
√
εt) sin 4(
√
εt−√εti)
)
Finally, to have the complete expression for the wave functions (19) we must
evaluate the integral
Θ(t) ≡
∫ t
ti
dt′
ωi
m(t′)g−(t′)
. (33)
Using m = a3 and (30), the integral takes the form
Θ =
k
ai
t
3/2
i
a3i
∫ t
ti
dt′√
t′
1
A+B cos 4(
√
εt′ −√εti) + C sin 4(
√
εt′ −√εti)
. (34)
With the change of variables φ = 4(
√
εt′ −√εti) we have
Θ =
kt
3/2
i
2a4i
√
ε
∫ 4(√εt−√εti)
0
dφ
1
A+B cosφ+ C sinφ
. (35)
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This integral may be evaluated, with a result that depends on the relation
between A, B and C. From (31) we have A2 > B2 + C2. In this case one has
(ref. [54], p.174)∫
dφ
1
A+B cosφ+ C sinφ
=
2√
A2 −B2 − C2 tan
−1 (A−B) tan φ2 + C√
A2 −B2 − C2 .
(36)
This result employs the change of variables t = tan φ2 , which is singular when φ
is an odd multiple of pi. Therefore the domain of integration must be cut into
parts ([0, pi), (pi, 3pi), . . . ) and each time φ moves from one domain to the next
there is an additional contribution of pi which must be added to the function
tan−1. Therefore the total result for Θ is
Θ(t) = tan−1
(
1 + 4εti
4εti
tan (2
√
εt− 2√εti) + 1
2
√
εti
)
+ pi.nint(
2
√
εt− 2√εti
pi
)− tan−1
(
1
2
√
εti
)
. (37)
(where nint(x) returns the integer nearest to x).
4 Properties of the trajectories
We have an exact solution (18) for the wave function ψ(q1, q2, t). In pilot-wave
theory the actual configuration (q1(t), q2(t)) at time t evolves according to de
Broglie’s equation of motion (13). This yields velocities
q˙1 = − 1
m
g0
g−
q1+
1
m
√
ωi
g−
Im
 ∑n1n2 c˜n1n2(tret(t))H′n1(
√
ωi
g−
q1)Hn2(
√
ωi
g−
q2)∑
m1m2
c˜m1m2(tret(t))Hm1(
√
ωi
g−
q1)Hm2(
√
ωi
g−
q2)

(38)
and
q˙2 = − 1
m
g0
g−
q2+
1
m
√
ωi
g−
Im
 ∑n1n2 c˜n1n2(tret(t))Hn1(
√
ωi
g−
q1)H′n2(
√
ωi
g−
q2)∑
m1m2
c˜m1m2(tret(t))Hm1(
√
ωi
g−
q1)Hm2(
√
ωi
g−
q2)

(39)
(where a prime on H denotes a derivative with respect to the argument). Here
c˜n1n2(t) ≡
cn1n2(ti)e
−i(t−ti)ωi(n1+n2+1)
√
2n1n1!
√
2n2n2!
(40)
and we have defined the retarded time
tret(t) ≡ ti +
∫ t
ti
1
m(t′)g−(t′)
dt′ . (41)
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This is related to Θ(t) by
tret(t) = ti +
1
ωi
Θ(t) . (42)
(For a plot of the function tret = tret(t), see Figure 1.)
4.1 Rescaled variables
Our wave functions ψnr (qr, t), given by (19), have time-dependent widths that
are proportional to
√
g−. From the solution (32) for g− (∼ 1/t), we see that the
widths shrink with time as ∼ 1/√t (with an oscillatory factor as well). Because
of this shrinking support it is convenient to use the rescaled variables
q′r =
√
ωi
g−(t)
qr . (43)
Their time evolution is given by
dq′r
dt
=
√
ωi
g−
(
q˙r − 1
2
g˙−
g−
qr
)
=
√
ωi
g−
(
q˙r +
1
m
g0
g−
qr
)
, (44)
where we have used (20). From the respective expressions (38), (39) for q˙1, q˙2
we then find
q˙′1(t) =
1
m
ωi
g−
Im
[ ∑
n1n2
c˜n1n2(tret(t))H′n1(q′1)Hn2(q′2)∑
m1m2
c˜m1m2(tret(t))Hm1(q′1)Hm2(q′2)
]
(45)
and
q˙′2(t) =
1
m
ωi
g−
Im
[ ∑
n1n2
c˜n1n2(tret(t))Hn1(q′1)H′n2(q′2)∑
m1m2
c˜m1m2(tret(t))Hm1(q′1)Hm2(q′2)
]
. (46)
4.2 Equivalence to the standard oscillator at retarded time
We shall now show that the rescaled trajectory of the system is identical to
a rescaled trajectory generated by a standard harmonic oscillator – with coor-
dinates Qr, constant mass mi and constant frequency ωi, and with the same
initial wave function (16) at t = ti – but now with time running from ti up
to the retarded time tret(t) (instead of from ti to t). We also demonstrate a
correspondence between the equilibrium states for the two systems.
For our standard harmonic oscillator we have a wave function ψSHO =
ψSHO(Q1, Q2, t) and a Schro¨dinger equation
i
∂ψSHO
∂t
= − 1
2mi
(
∂2
∂Q21
+
∂2
∂Q22
)
ψSHO +
1
2
miω
2
i (Q
2
1 +Q
2
2)ψSHO . (47)
For Qr the de Broglie velocity field is given by
Q˙r =
1
mi
Im
1
ψSHO
∂ψSHO
∂Qr
. (48)
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With an initial wave function
ψSHO(Q1, Q2, ti) =
∑
n1n2
cn1n2(ti)Φn1(Q1)Φn2(Q2)
(identical to (16) with the coordinates q1, q2 replaced by Q1, Q2), we have the
solution
ψSHO(Q1, Q2, t) =
∑
n1n2
cn1n2(ti)ψSHOn1(Q1, t)ψSHOn2(Q2, t) , (49)
where now instead of (19) the functions ψSHOnr (Qr, t) take the simple form
ψSHOnr (Qr, t) =
1√
2nrnr!
(miωi
pi
) 1
4
exp
(
−i(nr + 1
2
)ωi(t− ti)
)
× exp
(
−miωi
2
Q2r
)
.Hnr (
√
miωiQr) . (50)
Introducing the rescaled variable Q′r =
√
miωiQr (which has the same rescaling
as q′r at t = ti), it follows from (48) that the velocities Q˙
′
r =
√
miωiQ˙r are given
by
Q˙′1(t) = ωi Im
[ ∑
n1n2
c˜n1n2(t)H′n1(Q′1)Hn2(Q′2)∑
m1m2
c˜m1m2(t)Hm1(Q′1)Hm2(Q′2)
]
(51)
and
Q˙′2(t) = ωi Im
[ ∑
n1n2
c˜n1n2(t)Hn1(Q′1)H′n2(Q′2)∑
m1m2
c˜m1m2(t)Hm1(Q′1)Hm2(Q′2)
]
. (52)
Let us now compare the velocities for q′r and Q
′
r. We have, from (45), (46)
and (51), (52), the simple relationship
q˙′r(t)|q′1=a, q′2=b =
1
m(t)g−(t)
Q˙′r(tret(t))|Q′1=a, Q′2=b (53)
or
q˙′r(t)|q′1=a, q′2=bdt = Q˙′r(tret(t))|Q′1=a, Q′2=bdtret , (54)
where we have used
dtret =
1
m(t)g−(t)
dt . (55)
Here tret = tret(t) is the retarded time (41) ‘corresponding to’ time t, and
each side of (53) or (54) is evaluated at the same point (a, b) in the respective
configuration space.
The displacement of q′r from ti up to time t is given by
δq′r(t, ti) =
∫ t
ti
q˙′r(t
′)dt′ ,
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while the displacement of Q′r from ti up to the corresponding retarded time
tret(t) is given by
δQ′r(tret, ti) =
∫ tret
ti
Q˙′r(t
′)dt′ .
From (54) it follows that if the two systems begin at the same corresponding
points in configuration space – that is, if (q′1(ti), q
′
2(ti)) = (Q
′
1(ti), Q
′
2(ti)) – then
the respective displacements over the time periods (ti, t) and (ti, tret(t)) will be
equal:
δq′r(t, ti) = δQ
′
r(tret, ti) . (56)
The result (56) shows the complete dynamical equivalence of the two systems
– the field oscillator on expanding space with an effective time-dependent mass
m = a3 and frequency ω = k/a, and the standard oscillator with constant
initial mass mi = a
3
i and frequency ωi = k/ai – with the time t for the first
system replaced by the retarded time tret(t) for the second system (provided the
respective coordinates qr, Qr are rescaled to q
′
r, Q
′
r).
There is also a one-to-one correspondence between the equilibrium states for
the two systems. At t = ti the wave functions coincide and one system will be
in equilibrium if and only if the other is. From (56) it follows that the field
system on expanding space will be in equilibrium at time t if and only if the
equivalent oscillator is in equilibrium at time tret(t).
Let us show this explicitly. From the expressions (18) and (49) for the
respective wave functions ψ(q1, q2, t) and ψSHO(Q1, Q2, t) we find the relation
g−(t)
ωi
(
|ψ(q1, q2, t)|2
)
|q′1=a, q′2=b =
1
miωi
(
|ψSHO(Q1, Q2, tret(t))|2
)
|Q′1=a, Q′2=b ,
(57)
with each side evaluated at corresponding rescaled points (a, b). The left-hand
side is the equilibrium distribution ρ′QT(q
′
1, q
′
2, t) for the rescaled field variables,
while the right-hand side is the equilibrium distribution ρ′SHO QT(Q
′
1, Q
′
2, tret(t))
for the rescaled oscillator. Thus we have
ρ′QT(q
′
1, q
′
2, t) = ρ
′
SHO QT(Q
′
1, Q
′
2, tret(t)) (58)
(where it is understood that the two sides are evaluated at corresponding points).
If we assume that the initial – generally nonequilibrium – distributions for the
two systems are equal, ρ(q1, q2, ti) = ρSHO(Q1, Q2, ti), then since the initial
rescalings coincide the initial rescaled distributions will also be equal: ρ′(q′1, q
′
2, ti) =
ρ′SHO(Q
′
1, Q
′
2, ti). From the correspondence (56) between the rescaled trajecto-
ries it then follows that
ρ′(q′1, q
′
2, t) = ρ
′
SHO(Q
′
1, Q
′
2, tret(t)) (59)
at all times t – that is, the rescaled density for the field system at time t is equal
to the rescaled density for the oscillator at the retarded time tret(t). From (58)
and (59) we may write
ρ′(q′1, q
′
2, t)
ρ′QT(q
′
1, q
′
2, t)
=
ρ′SHO(Q
′
1, Q
′
2, tret(t))
ρ′SHO QT(Q
′
1, Q
′
2, tret(t))
.
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The field system will be in equilibrium at time t (left-hand ratio equal to one) if
and only if the equivalent oscillator is in equilibrium at time tret(t) (right-hand
ratio equal to one).
The retarded time tret = tret(t) is determined by (41) for given functions a(t),
g−(t) on the interval (ti, t). For a radiation-dominated expansion, a ∝ t1/2, we
have an exact solution (32) for g−(t) and the quantity Θ(t) has already been
evaluated (equation (37)) so that we know the function tret(t) = ti + Θ(t)/ωi.
Note that the functions g−(t) and tret(t) depend on the wave number k of
the mode but are independent of the quantum state of the mode. Because of
the dynamical equivalence to the standard oscillator with retarded time, the
essential physics of our system on expanding space is determined by properties
of the function tret(t), which is in turn determined by the function g−(t).
In the very short-time limit, t = ti + ∆t with ∆t/ti << 1, we have m ' mi
and g− ' g−(ti) = 1/mi and so we have simply
tret(t) ' ti +
∫ t
ti
dt′ = t .
At very short times the retarded time tret reduces to real time t.
5 Freezing of quantum nonequilibrium in the far
super-Hubble regime
Two regimes are of particular significance: the far sub-Hubble and the far super-
Hubble limits. In Section 3 we introduced the parameter ε =
(
ti/a
2
i
)
k2. Be-
cause
εt =
tti
a2i
(
2pi
λ
)2
=
t2
a2
(
2pi
λ
)2
=
(
piH−1
aλ
)2
=
(
piH−1(t)
λphys(t)
)2
,
we may conveniently characterise the far sub-Hubble regime (with λphys <<
H−1) and the far super-Hubble regime (with λphys >> H−1) by respective
large or small values of εt.
In the far sub-Hubble regime we may therefore take εti >> 1 (in which case
we will also have εt >> 1 for all t ≥ ti). The factor in square brackets in (32)
is then dominated by the term 8εti and so we have
g−(t) ' ti
a3i t
(60)
in the far sub-Hubble limit. To recover the Minkowski limit we must consider
evolution over times ∆t << H−1i = 2ti so that the scale factor remains essen-
tially constant. Thus, setting m ' a3i and using (60), at such a time ti + ∆t the
retarded time (41) will be
tret(ti + ∆t) ' ti +
∫ ti+∆t
ti
t′
ti
dt′ = ti + ∆t+
(∆t)2
2ti
' ti + ∆t . (61)
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As expected, in the Minkowski limit the retarded time tret coincides with true
time t. (This is a particular case of the short-time limit.)
For the far super-Hubble regime let us instead consider a time interval (ti, tf )
during which εt << 1. (We could simply set εtf << 1, in which case we will
also have εt << 1 for all t ≤ tf .) From (32) we find that for εt << 1 the
function g−(t) takes the constant form
g−(t) ≈ 1
a3i
=
1
mi
. (62)
Inserting (62) into (41), and writing a = ai(t/ti)
1/2, we find that in the far
super-Hubble regime the retarded time is given by
tret(t) ' ti +
∫ t
ti
(ti/t
′)3/2dt′ = ti + 2ti
(
1−
√
ti
t
)
. (63)
In the short-time limit, t = ti + ∆t with ∆t << 2ti, this again reduces to
tret(t) ' ti + ∆t . (64)
However, in the long-time limit with tf >> ti we now have
tret(tf ) ' 3ti . (65)
This remarkable result may be stated as follows: in the far super-Hubble
regime, the long-time evolution of a field mode on an interval (ti, tf ) with tf >>
ti is equivalent to the time evolution of a standard harmonic oscillator on the
limited time interval (ti, tret(tf )) = (ti, 3ti) (with appropriate rescaling of the
coordinates). In effect, the ‘equivalent standard oscillator’ evolves over just one
Hubble time H−1(ti) = 2ti.
It is now very simple to deduce that, if the equivalent standard oscillator
has a relaxation timescale τ that is larger than 2ti – so that equilibrium is not
reached on the limited time interval (ti, 3ti) – then the real field system will
never reach equilibrium, not even for tf >> ti (for as long as the mode remains
in the far super-Hubble regime). Thus, in appropriate conditions, quantum
nonequilibrium will be ‘frozen’ for super-Hubble modes.
We have reduced the question of relaxation on expanding space to the
much simpler question of relaxation for an equivalent standard oscillator. For
the standard (two-dimensional) oscillator it is straightforward to study the re-
laxation timescale τ numerically. Analogous studies have already been car-
ried out for a particle in a two-dimensional box, for initial wave functions
that are superpositions of the first M energy eigenstates [39]. There it was
found that the coarse-grained H-function H¯ decays approximately exponen-
tially, H¯(t) ≈ H¯(ti) exp(−(t − ti)/τ), with a timescale τ ∝ 1/M that scales
(approximately) inversely with M . We expect to find comparable behaviour
for the oscillator – though with a somewhat different scaling of τ with M for
this different system. As the number M of energy states in the superposition
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increases, the relaxation timescale τ for the oscillator will certainly decrease
(owing to the increasing complexity of the de Broglie velocity field). For M
larger than some critical value Mmax we will have τ . 2ti and we may deduce
that the equivalent field system will relax. If instead M < Mmax we will have
τ & 2ti and the field system will never reach equilibrium. (A detailed numerical
study of relaxation for the standard oscillator, and of the scaling of τ with M ,
will be presented elsewhere [55].)
The above conclusions agree at least qualitatively with the analysis given
in refs. [19, 41]. There it is shown that there is an upper bound on the ratio
〈|δqr(tf )|〉QT /∆r(tf ),
〈|δqr(tf )|〉QT
∆r(tf )
< 4
√
a3f
〈
Hˆr
〉
f
∫ tf
ti
dt
√〈
Hˆr
〉
/a3 , (66)
where 〈|δqr(tf )|〉QT is the (equilibrium) mean displacement of the trajectories
over the time interval (ti, tf ) and ∆r(tf ) ≡ (1/2)(1/∆pir) is the characteristic
lengthscale of the equilibrium distribution in configuration space at time tf
(where ∆pir is the quantum-theoretical spread for the canonical momentum
operator pˆir). In general, relaxation can occur only if the trajectories move
over distances that are at least comparable to ∆r. For super-Hubble modes
the right-hand side of (66) can be smaller than one – in which case relaxation
will be suppressed, since most of the trajectories will not move far enough for
relaxation to occur [19, 41]. On the other hand, clearly, the right-hand side of
(66) can be large for a quantum state with a sufficiently large mean Hamiltonian〈
Hˆr
〉
, in which case no relaxation suppression can be deduced.
6 Suppression of quantum noise at super-Hubble
wavelengths
The above results provide a mechanism whereby quantum noise can be sup-
pressed at super-Hubble wavelengths. If we assume that the initial nonequi-
librium distribution has a subquantum width, then under standard relaxation
the distribution evolves towards the Born rule and the width approaches the
standard quantum width. But in an expanding universe such relaxation can
be delayed – in accordance with the retarded time tret(t) – or even completely
frozen (in the far super-Hubble regime, as we saw in Section 5). In effect, as
far as relaxation is concerned, over a time t it is as if only a time tret(t) < t
has actually passed. Therefore in general we expect that the actual width of
the relaxing distribution will grow more slowly and take longer to reach the
quantum value – or never reach it at all.
It is instructive to consider a numerical simulation that illustrates the retar-
dation effect.
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We take an initial wave function that is a superposition
ψ(q1, q2, ti) =
1√
M
√
M−1∑
n1=0
√
M−1∑
n2=0
eiθn1n2Φn1(q1)Φn2(q2)
of instantaneous energy eigenstates Φn1Φn2 of the initial Hamiltonian, with
coefficients cn1n2(ti) = (1/
√
M)eiθn1n2 of equal amplitude and with randomly-
chosen initial phases θn1n2 . (For simplicity the quantum numbers n1, n2 are
taken to have the same range; the number M of modes is then restricted to be
the square of an integer.) As we saw in Section 3, the wave function at time t
is then
ψ(q1, q2, t) =
1√
M
√
M−1∑
n1=0
√
M−1∑
n2=0
eiθn1n2ψn1(q1, t)ψn2(q2, t) ,
where the exact solution for ψn(q, t) is given by (19).
The quantum equilibrium distribution at time t is given by ρQT(q1, q2, t) =
|ψ(q1, q2, t)|2. The actual probability density at the initial time ti is taken to be
ρ(q1, q2, ti) = |Φ0(q1)Φ0(q2)|2 = ωimi
pi
e−miωiq
2
1e−miωiq
2
2 . (67)
This is equal to the equilibrium density for the quantum-theoretical ground state
Φ0(q1)Φ0(q2). We choose this particular initial distribution purely on grounds
of simplicity. Clearly ρ(q1, q2, ti) 6= |ψ(q1, q2, ti)|2 and the initial state is far
from equilibrium. By calculating the de Broglie-Bohm trajectories (q1(t), q2(t))
numerically – using de Broglie’s equation of motion (13) – we may calculate
the time evolution ρ(q1, q2, t) of the actual distribution and study whether or
not it approaches the equilibrium distribution |ψ(q1, q2, t)|2 (on a coarse-grained
level).
Because of the decreasing width of the solution (19), the support of |ψ(q1, q2, t)|2
in the q1 − q2 plane shrinks with time. When plotting the distributions it
is therefore convenient to use the rescaled variables q′r =
√
ωi/g−(t)qr (with
g−(ti) = 1/mi and where g− decreases with time). The equilibrium probability
density in the q′1 − q′2 plane is then given by
ρ′QT(q
′
1, q
′
2, t) =
g−(t)
ωi
|ψ(q1, q2, t)|2 . (68)
In terms of the rescaled variables q′r =
√
miωiqr at t = ti we have an initial
nonequilibrium density
ρ′(q′1, q
′
2, ti) =
1
ωimi
ρ(q1, q2, ti) =
1
pi
e−(q
′
1)
2
e−(q
′
2)
2
. (69)
At later times t the actual density in the q′1 − q′2 plane is
ρ′(q′1, q
′
2, t) =
g−(t)
ωi
ρ(q1, q2, t) . (70)
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During a radiation-dominated expansion, a mode that begins with a super-
Hubble wavelength (that is, with a physical wavelength λphys(ti) > H
−1
i ) will
enter the Hubble radius at a later time tenter that is determined by λphys(tenter) =
H−1(tenter). Thereafter the mode will acquire a sub-Hubble wavelength (that
is, λphys(t) < H
−1(t)). Here λphys(t) = a(t)λ, where the comoving wavelength
λ is equal to the physical wavelength at a time t0 such that a0 = 1 (often taken
to be the time today).
We are particularly interested in modes that begin outside the Hubble radius.
Let us consider the evolution of such a mode during the entire super-Hubble era
– that is, from an initial time ti until the time tenter. For the purposes of
a numerical computation we have found it convenient to take ti = 10
−4 and
t0 = 1. We then have ai = 10
−2. If we choose λ = 0.2 (or k = 2pi/λ = 10pi)
then λphys(ti) = aiλ = 2 × 10−3 and H−1i = 2ti = 2 × 10−4. At the initial
time the mode is outside the Hubble radius by one order of magnitude. Mode
entry occurs at tenter = 10
−2. (These chosen values are not intended to have
any particular cosmological significance, they are for numerical convenience and
illustration only.)
The equivalence theorem of Section 4 tells us that the time evolution of
the real system on expanding space, over the time interval (ti, tenter), may be
obtained by evolving the equivalent standard oscillator (with the same initial
conditions for the wave function and nonequilibrium distribution) over the time
interval (ti, tret(tenter)) – where tret(t) is the retarded time corresponding to real
time t. The required values of tret may be obtained from the analytical result
(37) for Θ, where tret(t) = ti + Θ(t)/ωi. A plot of the required function tret(t)
– for the above values of the parameters ti, ai, k and over the time interval
(ti, tenter) – is given in Figure 1. (For this plot the parameter ε is equal to
100pi2.)
The time evolution of the equivalent standard oscillator may be obtained by
straightforward numerical simulation. We employ the ‘backtracking’ method of
ref. [37], which uses the conserved ratio ρ′/ρ′QT along trajectories to construct
ρ′ on a uniform grid at each time t. Our grid consists of 1000 × 1000 points.
We impose a precision of 0.01 on the backtracked trajectories (compared to a
linear scale of ∼ 10 for the support of the distributions, and where ρ′QT displays
structure on lengthscales down to ∼ 1). The evolving density ρ′ develops an
extremely irregular fine-grained structure, with rapid variations over very short
distances (cf. figure 6 of ref. [37]). The density may be averaged over coarse-
graining cells, with a coarse-grained value assigned to the centre of each cell. It
is convenient to plot a ‘smoothed’ density ρ˜′ obtained by coarse-graining with
overlapping cells [37].3
In Figure 2 we show the result of such a simulation for the case of 25 modes
(M = 25). The top row shows the initial (smoothed) actual distribution ρ˜′(ti)
on the left-hand side and the initial (smoothed) equilibrium distribution ρ˜′QT(ti)
on the right-hand side. The support of ρ˜′(ti) is considerably narrower than the
3The plots in Figures 2 and 3 employ 96 × 96 overlapping cells each with 50 × 50 grid
points. The cells have side ε = 0.5. For a given cell, shifting it along either axis by a distance
equal to 20% of ε generates a neighbouring cell.
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Figure 1: Plot of the retarded time tret = tret(t) (solid line) for t on the interval
(ti, tenter). The dotted line is a plot of real time t. The function tret(t) is
given in terms of Θ(t) by tret(t) = ti + Θ(t)/ωi where Θ(t) is given by equation
(37). We have chosen parameters ti = 10
−4, ai = 10−2 and k = 10pi (so that
ε = 100pi2).
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support of ρ˜′QT(ti). The second row shows the (smoothed) distributions at
an intermediate retarded time tret = tret(0.5tenter) = 1.21 × 10−3, while the
third row shows these at tret = tret(tenter) = 1.53 × 10−3. The three times ti,
tret(0.5tenter), tret(tenter) for the equivalent oscillator correspond to the times ti,
0.5tenter, tenter for the real system on expanding space. As is plain from the
figure, the support of ρ˜′ spreads out – at least initially – while the support of
ρ˜′QT remains about the same (with the rescaled coordinates). However, over the
time interval considered, the support of ρ˜′ remains significantly narrower than
the support of ρ˜′QT. There has clearly been only a partial relaxation towards
equilibrium (as will be quantified below using the coarse-grained H-function).
Let us contrast this result with a simulation for the same standard oscillator,
with the same initial conditions, but evolved up to a time t = tenter = 10
−2.
Physically, this would correspond to the time evolution of the real system with
no spatial expansion (that is, with a = 1 for all t so that tret(t) = t). The
results are shown in Figure 3. The first row shows the same initial conditions
as before. The second and third rows show the (smoothed) distributions at the
respective times t = 0.5tenter and t = tenter. The results speak for themselves.
Already by t = 0.5tenter the actual distribution ρ˜
′ has a support that is only
slightly narrower than the support of ρ˜′QT. At t = tenter there is little discernible
difference between the distributions ρ˜′ and ρ˜′QT – not only in terms of the extent
of their support but also as regards detailed features. There has clearly been
an almost complete relaxation to equilibrium.
The approach to equilibrium may be quantified using the coarse-grained
H-function
H¯ =
∫ ∫
dq′1dq
′
2 ρ¯
′ ln(ρ¯′/ρ¯′QT) , (71)
where ρ¯′, ρ¯′QT are obtained by averaging ρ
′, ρ′QT over (non-overlapping) coarse-
graining cells. As we recalled in Section 1, this function obeys a coarse-graining
H-theorem [28, 30] and provides a convenient measure of relaxation. For the
above two simulations, a plot of ln H¯ as a function of time t is shown in Figure
4. In both cases real time runs from t = ti up to t = tenter. In the case with
no spatial expansion the H¯-curve has a larger (negative) slope and ends with a
smaller value – the relaxation proceeds more quickly and the final distribution
comes considerably closer to equilibrium. (The early part of the time evolution
shows a clear exponential decay, which then appears to tail off somewhat.4)
The contrast between Figures 2 and 3 – quantified by the different H¯-curves
in Figure 4 – provides a graphic illustration of our mechanism for the suppres-
sion of quantum noise at super-Hubble wavelengths. The effect of the spatial
expansion is to retard relaxation in the super-Hubble regime. For an initial
nonequilibrium distribution with a subquantum width, at later times the width
can remain subquantum – even though, over the same time interval, almost
complete relaxation would have occurred if space had not been expanding.
4Here we employ 20×20 non-overlapping coarse-graining cells each containing 50×50 grid
points. The error bars are obtained by running the same simulation with different grids so as
to obtain different samples of the highly fine-grained function ρ′.
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Figure 2: Time evolution of nonequilibrium on expanding space, for a superposi-
tion of 25 modes. Results for the interval (ti, tenter) are obtained by evolving the
equivalent oscillator over the retarded interval (ti, tret(tenter)). The (smoothed)
actual distribution ρ˜′ is displayed in the left column, the (smoothed) equilibrium
distribution ρ˜′QT in the right column. The top row shows the distributions at the
initial time ti, the second row at an intermediate retarded time tret(0.5tenter),
and the third row at tret(tenter). The support of ρ˜
′ remains significantly narrower
than the support of ρ˜′QT.
23
Figure 3: Time evolution of the same initial state as in Figure 2 but with
no spatial expansion. The results for (ti, tenter) are now obtained simply by
evolving the standard oscillator over (ti, tenter). The top row again shows the
(smoothed) distributions at the initial time ti, the second row at the intermedi-
ate time 0.5tenter, and the third row at tenter. Already at t = 0.5tenter the actual
distribution ρ˜′ has a support that is only slightly narrower than the support of
ρ˜′QT. At t = tenter there is little discernible difference between ρ˜
′ and ρ˜′QT –
relaxation is almost complete.
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Figure 4: Plots of ln H¯ against time t, with spatial expansion (upper curve)
and with no spatial expansion (lower curve). Real time runs from t = ti up
to t = tenter. The lower curve has a larger (negative) slope and ends with a
smaller value. With no spatial expansion there is faster relaxation and the final
distribution comes considerably closer to equilibrium. The difference between
the two H¯-curves quantifies the suppression of relaxation on expanding space
in the super-Hubble regime.
7 Mechanism for a large-scale power deficit in
the CMB
We have demonstrated a mechanism for the suppression of quantum noise at
super-Hubble wavelengths in a radiation-dominated universe. It has been sug-
gested that such a mechanism would generate a large-scale power deficit in
the CMB in a cosmology with a radiation-dominated pre-inflationary phase
[18, 19, 20]. Relaxation suppression could have occurred in the pre-inflationary
era, resulting in a deficit in the inflationary spectrum above some large comoving
wavelength λc. However, no estimate was given for the value of λc.
The existence of a large-scale power deficit in the CMB has recently been
confirmed by the Planck satellite [43]. The reported statistical significance is
not high (in the range 2.5–3σ). It is therefore quite possible that the primordial
power spectrum for a theoretical ensemble of skies is not itself anomalous, and
that we have simply observed a chance fluctuation for our single sky (see Section
7.1). Even so, it is worth exploring models that predict a genuine deficit in the
primordial spectrum, so as to better assess the significance of what has been
observed.
We now provide a simple estimate for λc which depends essentially on the
number N of inflationary e-folds and on the inflationary reheating temperature
Tend. The allowed values for N and Tend are consistent with a cutoff λc corre-
sponding to the scale of the observed power deficit. On the other hand, if N is
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very large then our cutoff λc will be far too big to yield an observable effect on
the CMB.
There are of course other possible effects that could contribute to the ob-
served deficit (and perhaps account for it in full). For example, a deficit could
arise from a period of ‘fast rolling’ for the inflaton field around the beginning
of the last 65 e-folds of inflation [56]. A radiation-dominated pre-inflationary
phase can also yield corrections to the quantum vacuum state during inflation,
resulting in a loss of power at low l [47, 48]. Our main concern here is to show
that our mechanism for quantum noise suppression on large scales could have
implications for the CMB. As will be discussed further in Section 8, the devel-
opment of a detailed cosmological model and comparisons with other possible
effects are left for future work.
7.1 The CMB in the low-l region
We first briefly review the standard treatment of the CMB at large angular
scales.
The temperature anisotropy ∆T (θ, φ) ≡ T (θ, φ)− T¯ of the CMB sky (where
T¯ is the average over the sky) may be decomposed into spherical harmonics,
∆T (θ, φ)
T¯
=
∞∑
l=2
+l∑
m=−l
almYlm(θ, φ) . (72)
It is usual to regard T (θ, φ) as a single realisation of a stochastic process such
that the marginal probability distribution for each coefficient alm is independent
of m. This will be true if the probability distribution for T (θ, φ) – over a
theoretical ‘ensemble of skies’ – is rotationally invariant. The predicted angular
power spectrum
Cl ≡
〈
|alm|2
〉
(73)
then depends only on l (where 〈...〉 denotes an average over the theoretical
ensemble). The quantity
Cskyl ≡
1
2l + 1
+l∑
m=−l
|alm|2 (74)
is constructed from measurements on a single sky and satisfies
〈
Cskyl
〉
= Cl.
Thus Cskyl gives an unbiased estimate of Cl. It has a cosmic variance ∆C
sky
l /Cl =√
2/2l + 1. (In practice, of course, the CMB data contain additional noise and
errors that must be accounted for.)
The temperature anisotropy is generated from primordial curvature pertur-
bations Rk ≡ (1/4) (a/k)2 (3)Rk (where (3)Rk is the Fourier component of the
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spatial curvature scalar on comoving hypersurfaces) in accordance with the for-
mula [57]
alm =
il
2pi2
∫
d3k T (k, l)RkYlm(kˆ) , (75)
where the transfer function T (k, l) encodes the relevant astrophysical processes.
If the probability distribution for Rk is translationally invariant it follows
that 〈RkR∗k´〉 = δkk´
〈
|Rk|2
〉
. From (75) one then obtains the expression
Cl =
1
2pi2
∫ ∞
0
dk
k
T 2(k, l)PR(k) (76)
for the angular power spectrum in terms of the primordial power spectrum
PR(k) ≡ 4pik
3
V
〈
|Rk|2
〉
(77)
(with V a normalisation volume). This provides a link between the statistics of
the primordial perturbations and the observed features in the CMB. The data
for Cl are consistent with an approximately scale-free spectrum PR(k) ≈ const..
At large angular scales – that is, for small values of l (say l . 20) – the
angular power spectrum Cl is dominated by the Sachs-Wolfe effect. In this
region the square of the transfer function takes the simple form [1]
T 2(k, l) = piH40 j2l (2k/H0) , (78)
where H0 is the Hubble parameter today. From (76) we then have
Cl =
H40
2pi
∫ ∞
0
dk
k
j2l (2k/H0)PR(k) . (79)
For an exactly scale-invariant spectrum, PR(k) = const., this yields Cl ∝ 1/l(l+
1). (The integrated Sachs-Wolfe effect will cause a small rise in the value of
l(l + 1)Cl at very small l.)
There were suggestions that the CMB data from the WMAP satellite con-
tained anomalously low power at small l. Such claims were, however, contro-
versial. (For a review and critical assessment based on the seven-year WMAP
data see ref. [42].) Recently, the anomaly has been confirmed to exist in data
from the Planck satellite [43].
The Planck team report a power deficit of 5–10% in the region l . 40, with
a statistical significance in the range 2.5–3σ (depending on the estimator that
is used). While the statistical significance is not high, the Planck team have
noted the importance of finding a theoretical model that predicts a low-l deficit.
If the reported power deficit is not due to inadequate data processing or to
some local astrophysical effect then it must be primordial in origin. It might be
regarded as a mere random fluctuation for our single sky. Otherwise, it reflects
a genuine anomaly in the primordial power spectrum PR(k) for the theoretical
ensemble. To explain such an anomaly would presumably require a modification
of the standard inflationary scenario – and perhaps some new physics.
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7.2 Inflation with early quantum nonequilibrium
Inflationary cosmology predicts a curvature perturbation Rk that may be ob-
tained from the simple formula [1]
Rk = −
[
H
φ˙0
φk
]
t=t∗(k)
. (80)
Here H is the (approximately constant) Hubble parameter of the inflating uni-
verse, while φ0 and φ respectively denote the spatially homogeneous and in-
homogeneous parts of the inflaton field. The right-hand side is evaluated at a
time t∗(k) taken to be a few e-folds after the exponentially-expanding physical
wavelength λphys = a(2pi/k) of the mode exits the Hubble radius. The inflaton
perturbation φ is defined on a spatially flat slicing, while the curvature per-
turbation Rk is defined on the comoving slicing. Thus (80) relates quantities
defined on different slicings.5
In an ideal Bunch-Davies vacuum the inflaton perturbations φk will have (at
time t∗(k)) a quantum-theoretical variance〈|φk|2〉QT = V2(2pi)3 H2k3 (81)
and a scale-free power spectrum
PQTφ (k) ≡
4pik3
V
〈
|φk|2
〉
QT
=
H2
4pi2
. (82)
The quantity
〈
|φk|2
〉
QT
is calculated from quantum field theory (for λphys >>
H−1). The formula (80) then yields a quantum-theoretical power spectrum
PQTR (k) ≡
4pik3
V
〈
|Rk|2
〉
QT
=
[
H2
φ˙20
PQTφ (k)
]
t∗(k)
=
1
4pi2
[
H4
φ˙20
]
t∗(k)
(83)
for Rk. In the slow-roll approximation we then obtain a scale-free spectrum
PQTR (k) ≈ const.. Because H and φ˙0 are in fact slowly changing during the
inflationary phase, there will be a small dependence of PQTR (k) on k.
Now quantum nonequilibrium in the early Bunch-Davies vacuum would gen-
erally yield deviations from (81). It has been shown – using pilot-wave field
theory on de Sitter space – that if microscopic quantum nonequilibrium exists
at the onset of inflation then instead of relaxing it will be preserved during
the inflationary phase and then transferred to macroscopic lengthscales by the
spatial expansion [18, 20].
For each mode, the width of the evolving nonequilibrium distribution main-
tains a constant ratio with the width of the equilibrium distribution. This was
5Note that (80) becomes singular if one literally takes the slow-roll limit φ˙0 → 0. The
formula should be understoood to be valid in the near-de Sitter regime and not for a strict de
Sitter expansion. This simple treatment suffices for our purposes.
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shown by calculating the de Broglie-Bohm trajectories for the inflaton field.
Again writing φk in terms of the real quantities qkr (r = 1, 2), the Bunch-
Davies wave functional takes a product form Ψ[qkr, t] =
∏
kr
ψkr(qkr, t) where
|ψkr|2 is a contracting Gaussian packet of width
∆k(η) = ∆k(0)
√
1 + k2η2
(where η = −1/Ha is conformal time, running from −∞ to 0). In the late-time
limit |ψkr|2 approaches a static Gaussian of width ∆k(0) = H/
√
2k3. Using the
de Broglie equation of motion (9) it was found that the trajectories take the
form
qkr(η) = qkr(0)
√
1 + k2η2 .
From this result one may construct the time evolution of an arbitrary nonequi-
librium distribution ρkr(qkr, η). It is readily seen that ρkr is a contracting
distribution of width
Dkr(η) = Dkr(0)
√
1 + k2η2
(with arbitrary Dkr(0)). In the late-time limit ρkr approaches a static packet of
width Dkr(0). The overall time evolution amounts to a homogeneous contrac-
tion of both ρkr and |ψkr|2 by the same factor. Thus, indeed, for each mode the
widths of the nonequilibrium and equilibrium distributions remain in a fixed
ratio over time [18, 20].
For simplicity we assume that Dkr(t) = Dk(t). We may then write
Dk(t)
∆k(t)
= (const. in time) ≡
√
ξ(k) . (84)
We then have a nonequilibrium variance〈|φk|2〉 = 〈|φk|2〉QT ξ(k) , (85)
with a ‘nonequilibrium function’ ξ(k) 6= 1. The nonequilibrium power spectrum
for Rk is then
PR(k) = PQTR (k)ξ(k) (86)
and scale invariance is generally broken. Measurements of the angular power
spectrum Cl for the CMB may then be used to set experimental bounds on ξ(k)
[20].
To a first approximation we may assume that the quantum-theoretical spec-
trum is scale invariant: PQTR (k) ≈ const.. In the low-l region we then have,
from (79),
Cl
CQTl
≈ 2l(l + 1)
∫ ∞
0
dk
k
j2l (2k/H0)ξ(k) , (87)
where CQTl denotes the angular power spectrum predicted by quantum theory
and Cl denotes that predicted by nonequilibrium pilot-wave theory. As was
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pointed out in ref. [20], a low-power anomaly – that is, evidence for Cl < C
QT
l
– may be explained by having ξ(k) < 1 in a suitable region of k-space.
Note that ξ(k) < 1 requires that the nonequilibrium width Dk for the infla-
ton mode be less than the quantum equilibrium width ∆k. It is reasonable to
expect this – as opposed to ξ(k) > 1 – if one accepts our basic premise that quan-
tum noise has a dynamical origin. For it then seems natural to assume initial
conditions (in this case for a pre-inflationary era) with a statistical dispersion
smaller than the quantum equilibrium value – so that the initial state contains
less statistical noise than a regular quantum state. If we make such an assump-
tion, then at later times (as relaxation proceeds during the pre-inflationary
period) the dispersion will reach at most the equilibrium value. Thus, while a
larger-than-quantum inflationary dispersion (ξ(k) > 1) is possible in principle,
it seems more natural to have a less-than-quantum dispersion (ξ(k) < 1).
The integral in (87) is dominated by the scale k ≈ lH0/2, so a significant
drop in Cl requires ξ(k) < 1 for k in this region. Thus we require ξ(k) < 1 for
comoving wavelengths
λ ∼ (4pi/l)H−10 (88)
that are comparable to the Hubble radius H−10 today.
One might consider a simple cutoff, with ξ(k) = 0 for λ > λc = 2pi/kc.
The correction to Cl will be significant only if the interval (0, kc) overlaps sub-
stantially with the scale k ≈ lH0/2, so that λc cannot be much larger than
(4pi/l)H−10 . If instead we had λc >> (4pi/l)H
−1
0 the correction to Cl would not
only be small – it would be unobservable (even in principle) because it would
be much smaller than the cosmic variance [20].
To explain the observed power deficit in the low-l region, then, we require
a dip in quantum noise – quantified by ξ(k) < 1 – for modes of wavelength
comparable to (88). Taking l . 40, we require a cutoff of order
λc ∼ H−10 . (89)
7.3 Infra-red cutoff λc from a pre-inflationary era
There are likely to be many possible mechanisms for producing such a cutoff.
One scenario might involve a suitable period of ‘fast rolling’ for the inflaton
field [56]. Another scenario, outlined here, would involve a radiation-dominated
pre-inflationary era with suppression of quantum noise at large scales.
Let us consider a radiation-dominated pre-inflationary phase starting at an
initial time ti, with a transition to an inflationary phase occurring around a
time tf . As shown in Figure 5, the transition from pre-inflation to inflation
is modelled (for simplicity) as a sudden jump at time tf . It will be necessary
to assume that H−1 increases across the jump, from H−1− (tf ) to H
−1
+ (tf ) >
H−1− (tf ).
Let us denote the approximately constant Hubble radius during inflation
by H−1inf (equal to H
−1
+ (tf )). Relevant cosmological fluctuations – those that
make a measurable contribution to the CMB – originate from inside H−1inf . If
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Figure 5: Inflation with a radiation-dominated pre-inflationary era. The dashed
line shows the Hubble radius H−1. The solid lines show physical wavelength
λphys for two different modes: the lower line enters the Hubble radius during
pre-inflation and exits during inflation, while the upper line remains outside the
Hubble radius throughout the pre-inflationary era and enters only during the
transition.
some of those modes were out of equilibrium during inflation, they must have
evolved from modes that did not completely relax during the pre-inflationary
phase (where the pre-inflationary modes are understood to refer to the relevant
fields that were then present). Given our results for relaxation on expanding
space with a ∝ t1/2, relic nonequilibrium at the end of pre-inflation is most
likely to exist for modes that remained in the super-Hubble regime.
We therefore focus our attention on field modes that enter the Hubble radius
during the transition from pre-inflation to inflation. As shown in Figure 5,
for such modes no time is spent in the (pre-inflationary) sub-Hubble regime
and therefore relaxation is likely to be suppressed. However, relaxation could
still occur during the transition itself, around the time tf . If we assume that
nonequilibrium can survive the transition, then these modes can still be out of
equilibrium at the beginning of inflation and make a nonequilibrium contribution
to the CMB spectrum – provided H−1− (tf ) < H
−1
inf , so that modes outside the
Hubble radius just before tf can be inside the Hubble radius just after tf .
Modes can enter the Hubble radius only if λphys increases more slowly than
does H−1 – that is, only if the comoving Hubble radius h−1 ≡ H−1/a = 1/a˙
increases with time. This occurs for a decelerating universe (a¨ < 0), which
requires that the pressure p and energy density ρ satisfy w ≡ p/ρ > −1/3. If
our putative nonequilibrium modes are to contribute to the CMB spectrum,
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h−1 must increase during the transition from pre-inflation to inflation. To show
that this could occur, let us consider how h−1 varies as a function of a. Writing
dh−1/da = (1/a˙)dh−1/dt = −(h−1)3a¨
and using the Friedmann–Lemaˆıtre equations
a¨
a
= −4piG
3
(ρ+ 3p) ,
(
a˙
a
)2
=
8piG
3
ρ
yields
d lnh−1
da
=
u
a
,
where the parameter
u ≡ 1
2
(1 + 3w)
varies from +1 to −1 as the equation-of-state parameter w varies from +1/3 to
−1. We may then integrate across the transition, yielding
h−12
h−11
= exp
(∫ a2
a1
u
a
da
)
(90)
(where subscripts 1 and 2 denote values at the beginning and end of the transi-
tion respectively). We will have the desired increase, h−12 /h
−1
1 > 1, if and only
if ∫ a2
a1
u
a
da > 0 . (91)
Because u/a ranges from 1/a1 to −1/a2, where a2 > a1, it is plausible that this
integral will indeed be positive (though logarithmically small) – in which case
physical wavelengths will be driven inside the Hubble radius, thereby allowing
the said modes to contribute to the CMB spectrum.
A proper discussion of the transition would require a detailed model, and
it is quite possible that relaxation – or at least significant relaxation – will
occur during the transition. On the other hand, the transition takes place from
a pre-inflationary era of relaxation suppression for super-Hubble modes to an
inflationary era of totally suppressed relaxation on all scales. It then seems
possible that nonequilibrium modes that are outside the Hubble radius just
before the transition will not completely relax during the transition. Here we
shall simply assume that if nonequilibrium exists immediately prior to tf then
it will survive, at least to some degree, until the beginning of inflation itself. (A
future strategy to model the transition is noted in Section 8.)
If we make that assumption, then nonequilibrium is possible for all modes
such that λphys(tf ) & H−1− (tf ). We may then obtain an estimate for the cutoff
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λc – the minimal comoving wavelength for which nonequilibrium is likely to
exist – by setting
afλc ∼ H−1− (tf ) . (92)
The scale factor af (at the end of pre-inflation) may be written as
af = af/a0 = (af/aend)(aend/a0) ,
where aend is the scale factor at the end of inflation. The expansion that takes
place during the transition from pre-inflation to inflation may presumably be
neglected compared to the huge expansion that takes place during inflation
itself. We may then approximately identify af with the scale factor abegin at
the beginning of inflation – in which case we have af/aend ' e−N , where N is
the number of inflationary e-folds. If we similarly neglect the expansion that
takes place during the transition from inflation to post-inflation, we can write
aend/a0 ' T0/Tend (where Tend is the temperature at which inflation ends).
Thus we have
af ' e−N (T0/Tend) (93)
and so we find
λc ∼ eNH−1− (tf ) (Tend/T0) . (94)
Since (inserting c, and using the standard temperature clock t ∼ (1 s) (1 MeV/kBT )2
for a radiation-dominated era)
H−1− (tf ) = 2ctf ∼ 2c(1 s) (1 MeV/kBTf )2 ∼ (1011 cm) (1 MeV/kBTf )2 ,
and using kBT0 ∼ 10−4 eV, we find
λc ∼ (10−1 cm)eN (Tend/Tf ) (TP/Tf ) ,
where TP is the Planck temperature. Writing (1 cm) ' H−10 e−65 (where H−10 '
1028 cm), we have an approximate formula
λc ∼ 10−1H−10 e(N−65) (Tend/Tf ) (TP/Tf ) (95)
for the cutoff λc in terms of three parameters N , Tend/Tf and TP/Tf .
This is of course only a rough estimate. Even so, because (95) was derived
from essentially ‘kinematical’ arguments we may expect that the true expression
for the cutoff will not be strongly model-dependent and that (95) will provide an
indication of the order of magnitude. On the other hand, of course, the actual
values of the parameters appearing in (95) will be strongly model-dependent.6
One may reasonably expect Tf to be of the same order of magnitude as the
energy scale Hinf ∼ 1016 GeV ∼ 10−3TP associated with the inflationary phase.
Thus we may take
TP/Tf ∼ 103 . (96)
6One could also consider modes that enter the Hubble radius during pre-inflation (cf.
Figure 5), but do not spend enough time in the sub-Hubble regime for them to relax completely.
Consideration of these modes yields a small correction to the expression (95) for the cutoff
[41].
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Our estimate (95) for λc is then
λc ∼ 102H−10 e(N−65) (Tend/Tf ) . (97)
We have two parameters: the number N of e-folds and the ‘reheating ratio’
Tend/Tf .
For inflation to solve the horizon and flatness problems, standard estimates
indicate that the minimum number N = Nmin of e-folds required – from the
beginning of inflation to the end of inflation – is Nmin ' 70 (though some
authors take Nmin ' 60). See, for example, ref. [4]. (It is of course possible
that the actual number N of e-folds is much larger than Nmin. See, for example,
ref. [58].)
The ratio Tend/Tf depends on the details of the reheating process. If the
inflaton decay time is smaller than the Hubble time (evaluated at the end of
inflation), the vacuum energy is expected to be rapidly converted into radiation.
The predicted ‘reheating temperature’ Tend depends, among other things, on
the inflaton decay rate. Estimates for Tend/Tf depend on the model, and can
range from Tend/Tf ∼ 1 to Tend/Tf << 1. (For overviews of the theory of
reheating see, for example, refs. [4, 59].) One may also attempt to constrain
Tend by means of CMB data [60, 61]. Martin and Ringeval [60] obtain lower
bounds on Tend in the range 390 GeV−890 TeV (depending on the inflationary
model), corresponding to lower bounds on Tend/Tf in the range ∼ 10−14−10−10
(assuming Tf ∼ 10−3TP).
For the estimate (97) to yield a λc of the required order of magnitude (89),
we have the constraint
e(N−65) (Tend/Tf ) ∼ 10−2 . (98)
This is consistent with the allowed parameter space. For example, we could have
N ∼ 65 and Tend/Tf ∼ 10−2. To have much more than the minimal number of
e-folds requires a very small reheating ratio. For example, if we allow Tend/Tf
to be as small as ∼ 10−10 then N can range up to ∼ 83.
If instead e(N−65) (Tend/Tf ) >> 10−2 then λc >> H−10 and the angular
power spectrum for low l will be unaffected. In this case the nonequilibrium
(even if it exists) will be completely unobservable. There are of course models of
inflation in which N >> 65. For these, there would be no hope of detecting pre-
inflationary nonequilibrium in the CMB. However, such models do lead to an
alternative possibility: when N >> Nmin it can happen that the Hubble radius
today originated from a lengthscale which, at the beginning of inflation, was
smaller than the Planck length [5, 6]. Such ‘trans-Planckian’ modes could be
subject to novel gravitational effects that generate quantum nonequilibrium [49,
18], yielding an observable effect on the CMB [20]. A small value of N , therefore,
makes it more likely that we could detect pre-inflationary nonequilibrium in the
CMB; while a large value of N makes it more plausible that we could detect
a Planck-scale production of nonequilibrium in the CMB (if such effects exist).
There might be intermediate values of N such that neither effect would be
visible. Only further and more detailed model building can tell us where such
intermediate values may lie.
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8 Conclusion
We have constructed an exactly-solvable model for the suppression of quantum
noise at super-Hubble wavelengths in a radiation-dominated universe. The re-
sults broadly confirm expectations of a suppression of relaxation to quantum
equilibrium for super-Hubble modes [18, 19, 20, 41]. The mechanism emerges
naturally from pilot-wave dynamics on expanding space. We have also consid-
ered a cosmological scenario with a pre-inflationary phase, to illustrate how the
mechanism might explain the large-scale power deficit that has recently been
confirmed to exist in the CMB [43].
The statistical significance of the observed low-l power deficit is not high:
it could be a random fluctuation for our single sky, as opposed to a genuine
anomaly in the underlying power spectrum. A better understanding of the
deficit and of its significance requires the development of physical models that
(i) predict such a deficit, and (ii) make additional testable predictions. The
first requirement has been met by showing that the de Broglie-Bohm pilot-wave
theory contains a natural mechanism for producing a suppression of quantum
noise at large scales on expanding space. The second requirement is a matter
for future work – some suggestions will be made here.
Firstly, it would be of interest to study the detailed application of our mecha-
nism for quantum noise suppression to specific cosmological models, with a view
to predicting features of the nonequilibrium function ξ(k) that modifies the in-
flationary power spectrum. In our scenario with a pre-inflationary phase, for
example, one could study the evolution of nonequilibrium in the pre-inflationary
era – including across the transition to inflation. This would require a model
of the transition. Given the scale factor a = a(t) as a function of time during
the transition, it should be possible to solve the ordinary differential equations
(20)–(22) (at least numerically) and thereby obtain the wave functional for the
field modes. One could then calculate the de Broglie-Bohm trajectories and
study how early nonequilibrium evolves across the transition. Given a predic-
tion for ξ(k), one could then make a comparison with current data – and weigh
the outcome against rival explanations based on other models.
Secondly, in this paper we have focussed for definiteness on a scenario with
quantum noise suppression in a radiation-dominated expansion. It is however
conceivable that a pre-inflationary phase was not radiation-dominated. Our
solution for the wave functional may be readily generalised to an expansion with
a power law a ∝ tp since, as is well known, the mode equation (25) may then
be solved in terms of Bessel functions. (The phase factor Θ would still be given
by the integral (33).) One could then investigate quantum noise suppression for
more general spatial expansions.
Thirdly, we note that quantum nonequilibrium in the inflationary phase can
generate non-Gaussianity, which can manifest as non-random phases and inter-
mode correlations [20]. An early relaxation suppression could certainly generate
non-Gaussian effects, though this remains to be studied in detail. While some
authors have suggested that non-Gaussianity may exist in the WMAP data [62],
little evidence for it has so far been found in the Planck data [63, 64].
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Finally, the Planck team has also reported tentative evidence for anisotropy
at large scales [63]. Whether or not this feature is truly primordial remains to be
seen. It is in any case worth noting that a large-scale anisotropy could be gen-
erated by quantum nonequilibrium simply by allowing the width Dkr(t) of the
(nonequilibrium) inflaton field distribution ρkr(qkr, t) to depend on the direction
of the mode wave vector k – and not just on its magnitude k as was assumed in
ref. [20]. We would then have a nonequilibrium function ξ = ξ(k) that depends
on the direction of k. If such a non-isotropic nonequilibrium existed in a pre-
inflationary phase, isotropy would be recovered in the inflationary era for those
modes that relaxed to equilibrium – since the inflationary equilibrium width
∆k(t) depends only on |k| (and t). On the other hand, if relaxation suppres-
sion occurs for long-wavelength modes during pre-inflation then the anisotropy
will presumably remain at large scales during inflation – along with the power
deficit. We therefore seem to have a single mechanism whereby both a power
deficit and a statistical anisotropy can be generated at large angular scales in
the CMB. Whether such a scenario could provide a good fit to the Planck data
is left for future analysis.
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